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We show all-versus-nothing proofs of Bell’s theorem in the one-dimensional transverse-field Ising
model, which is one of the most important exactly solvable models in the field of condensed matter
physics. Since this model can be simulated with nuclear magnetic resonance, our work might lead
to a fresh approach to experimental test of the Greenberger-Horne-Zeilinger contradiction between
local realism and quantum mechanics.
PACS numbers: 03.65.Ud, 03.67.Mn, 75.10.Jm, 76.60.-k
The all-versus-nothing (AVN) violation of local real-
ism [1], which was noted first by Greenberger-Horne-
Zeilinger (GHZ) [2], reveals most strongly the contra-
diction between the Einstein-Podolsky-Rosen’s (EPR’s)
local realism (LR) [3] and quantum mechanics. Unlike
the original Bell’s theorem in the form of inequality [4]
that shows inconsistency between LR and statistical cor-
relations of quantum mechanics, the AVN proof demon-
strates directly a conflict between LR and nonstatistical
predictions of quantum mechanics. Thus the quantum
non-locality can be manifest in a single run of a certain
measurement. It opens a new chapter on the hidden vari-
ables problem [5, 6, 7, 8] and inspires the quantum proto-
cols for secret sharing [9] as well as for reducing communi-
cation complexity [10]. The experimental tests have been
made by using the multi-photon entanglement [11, 12].
However, most of the previously constructed GHZ con-
tradiction started from given quantum states but not
much concerned the Hamiltonian of a physical system.
Although a given quantum state can be created theoret-
ically by quantum controllability, the techniques needed
may be very complex even for a few qubits. In contrast,
in condensed matter physics, the dynamical evolution of
a physical system is governed completely by its Hamilto-
nian and the corresponding states especially the ground
states exist naturally. What’s more, the measurements
of muti-photon states are subversive, i.e., after the test
of the GHZ contradiction, the multipartite entanglement
between photons no longer exist. Concerning this prob-
lem, one would ask naturely: Can we find AVN proofs in
physical systems with specific Hamiltonians?
Actually, besides multi-photons, there are many other
interesting physical systems that may provide platforms
for us to construct and test a GHZ contradiction. For
instance, in Ref. [13], an AVN proof of Bell’s theorem
was showed in the Kitaev’s toric code model, which is an
exactly solvable model and crucial for fault-tolerant topo-
logical quantum computation (TQC) [14, 15]. Moreover,
a possible experimental scheme using anyonic interferom-
etry [16] to test the GHZ contradiction in this model was
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also proposed. This approach has a predominant advan-
tage compared with the experimental tests by using mul-
tiphoton systems, namely, the measurement employed in
the experimental scheme is nondestructive and can be
repeated without disturbing the ground state. Never-
theless, despite notable progresses in this direction [17],
experimental realization of anyonic interferometry in the
Kitaev’s toric code model would still be a challenging
task hitherto.
Another attractive alternative concerns the one-
dimensional transverse-field Ising model [18], which has
a simple and clear physical picture and can be solved
exactly [19]. This model consists of many spin-1/2 par-
ticles on a chain with the nearest neighboring Ising in-
teraction. It is often used as a starting model to test
new physical ideas and approaches due to its simplicity
and clear physical pictures. Moreover, this model can be
simulated in the laboratory with present technologies, for
instance with nuclear magnetic resonance (NMR) tech-
nologies [20], thus might leading to a fresh approach to
experimental test of the GHZ contradiction.
In this paper, we show AVN violations of LR in the
one-dimensional transverse-field Ising model by explicitly
presenting a set of commuting operators that when acting
on the ground states admit the GHZ contradiction. We
restrict our study on the ground states of this model and
set the external transverse magnetic field to be zero. But
we find that this is not necessary. Some excited states are
also useful for the AVN proofs of the GHZ contradiction.
To begin with, let us first briefly recapitulate the
essence of the Ising model. The Hamiltonian of the one-
dimensional transverse field Ising model with periodic
boundary conditions reads:
HN = −
N∑
j=1
(σxj σ
x
j+1 + Bσ
z
j ), σ
x
N+1 = σ
x
1 , (1)
where σxj , σ
z
j are the Pauli matrices for the jth spin, N
is the number of spins involved in the model and B is
the transverse field. As illustrated in Fig. 1, the Hamil-
tonian describes a chain of spins with the nearest neigh-
boring Ising interaction along x-direction, and all spins
are subject to a transverse magnetic field B along the
2B x
j
FIG. 1: (Color online) A illustrative sketch of the one-
dimensional transverse-field Ising model of thirteen spins with
periodic boundary conditions. In this model, all spins are sub-
ject to an external field h along z direction and two arbitrary
neighboring spins interact with each other by the Ising inter-
action σxj σ
x
j+1.
z-direction. It is well-known that HN can be diagonal-
ized exactly through three transformations, namely, the
Jordan-Wigner transformation [21], Fourier transforma-
tion, and Bogoliubov transformation. While, for a rudi-
mental understanding of the ground sates of this model,
we only look at its two limiting cases. If B → ∞, the
Ising interaction is neglectable, and all spins are fully po-
larized along z-direction. If B = 0, the Hamiltonian be-
comes the classical one-dimensional Ising model. More-
over, it is easy to prove that the ground state for a fi-
nite system in the whole region B > 0 is nondegenerate.
While, for B = 0, the ground state is doubly degenerate.
Our construction of the AVN proof is based on one of the
doubly degenerate ground states.
To present AVN violations of local realism in this
model, let us first focus on the three qubit-case, namely
N = 3. In this case, the Hamiltonian of this model in
the matrix form reads:
H3 =


−3B 0 0 −1 0 −1 −1 0
0 −B −1 0 −1 0 0 −1
0 −1 −B 0 −1 0 0 −1
−1 0 0 B 0 −1 −1 0
0 −1 −1 0 −B 0 0 −1
−1 0 0 −1 0 B −1 0
−1 0 0 −1 0 −1 B 0
0 −1 −1 0 −1 0 0 3B


. (2)
By solving the Hamiltonian H3 directly, one can easily
find that the ground state of this Hamiltonian is:
|G〉3 = (ξ1|000〉+ |011〉+ |101〉+ |110〉)/
√
N1, (3)
where ξ1 = −1 + 2B + 2
√
1−B + B2 and N1 = 3 + ξ21
is the normalization constant. Intuitively, when B 6= 0,
then ξ1 6= 1 and it is hard to construct the set of com-
muting operators for the GHZ contradiction. In fact, we
have run a computer program hoping to find such a set
of operators that would lead to the GHZ contradiction
when B 6= 0. Unfortunately, no valuable result has been
found. Thus, we have to consider the case B = 0. In
this case, the ground state of the Hamiltonian H3 re-
duces to |G(B = 0)〉3 = 12 (|000〉+ |011〉+ |101〉+ |110〉).
Based on the ground state |G(B = 0)〉3, it is easy to
show the AVN proof of Bell’s theorem in the one di-
mensional Ising model. For convenience, we should de-
fine the following operators which commute with each
other: D13 = σ
y
1σ
y
2σ
z
3 , D
2
3 = σ
y
1σ
z
2σ
y
3 , D
3
3 = σ
z
1σ
y
2σ
y
3 , and
D43 = σ
z
1σ
z
2σ
z
3 . On the one hand, one can easily check
the following eigenequations for the above four commut-
ing operators:
σy1σ
y
2σ
z
3 |G(B = 0)〉3 = −|G(B = 0)〉3, (4a)
σy1σ
z
2σ
y
3 |G(B = 0)〉3 = −|G(B = 0)〉3, (4b)
σz1σ
y
2σ
y
3 |G(B = 0)〉3 = −|G(B = 0)〉3, (4c)
σz1σ
z
2σ
z
3 |G(B = 0)〉3 = +|G(B = 0)〉3. (4d)
Suppose there are three observers, each of them hav-
ing access to one spin in the model. On spin j, the cor-
responding observer measures either σyj or σ
z
j , without
disturbing the other spins. The results of these measure-
ments will denote by myj or m
z
j , respectively. Since these
results must satisfy the same functional relations satisfied
by the corresponding operator, then from Eqs. (4a)-(4d),
we can predict that, if all the operators in Eqs. (4a)-(4d)
are measured, their results must satisfy
my1m
y
2m
z
3 = −1, (5a)
my1m
z
2m
y
3 = −1, (5b)
mz1m
y
2m
y
3 = −1, (5c)
mz1m
z
2m
z
3 = +1. (5d)
On the other hand, note that Eqs. (5a)-(5d) con-
tain only local operators, therefore the operators in each
equation commute and can all simultaneously have their
eigenvalues. Thus, from EPR’s criterion of elements of
reality [3]: “If, without in any way disturbing a system,
we can predict with certainty (i.e., with probability equal
to unity) the value of a physical quantity, then there ex-
ists an element of physical reality corresponding to this
physical quantity”, we can associate an EPR element of
physical reality to each of the eigenvalues in Eqs. (5a)-
(5d). For instance, the observers on particles 2 and 3
measure, respectively and without disturbing each other,
σy2 and σ
z
3 . If the multiplier of their results is 1, then
from Eq.(5a) they can predict with certainty that the
result of measuring σy1 will be −1. Other wise, if the
multiplier is −1, then they can predict certainly that
the result of measuring σy1 will be 1. Anyhow, we can
predict with certainty the value of quantity σy1 by mea-
suring other particles’ measurements without disturbing
particle 1, therefore, we can associate a element of re-
ality to the physical quantity σy1 . Analogously, we can
associate elements of reality to all the physical quanti-
ties in Eqs. (5a)-(5d). Then we can suppose that this
3result was somehow predetermined and initially hidden
in the original state of the system. Such predictions with
certainty would lead us to assign values +1 or −1 to
all the observables in Eqs. (4a)-(4d). However, such as-
signment cannot be consistent with the rules of quan-
tum mechanics because the four Eqs. (5a)-(5d) cannot
be satisfied simultaneously, since the product of their
left-hand sides is +1, while the product of the right-
hand sides is −1. Therefore, we conclude that the four
predictions of quantum mechanics given by Eqs. (4a)-
(4d) cannot be reproduced by LR. Thus we successfully
construct the GHZ contradiction in the one-dimensional
Ising model with three spins. Note that our construc-
tion only explore one of the doubly degenerate ground
states of H3(B = 0). In fact, one can also present the
AVN proof by using the other degenerate ground state:
|G′(B = 0)〉3 = 12 (|001〉+ |010〉+ |100〉+ |111〉).
For four-qubit case, i.e., N = 4, the ground states of
the Hamiltonian H4 reads:
|G〉4 = [(ξ2 − 2
√
2B(1 − ξ23)
ξ3
)|0000〉+ (B + ξ3√
2
)|0011〉
+
4B + 2
√
2ξ3
2
√
2ξ3
|0101〉+ (B + ξ3√
2
)|0110〉
+ (B +
ξ3√
2
)|1001〉+ 4B + 2
√
2ξ3
2
√
2ξ3
|1010〉
+ (B +
ξ3√
2
)|1100〉+ |1111〉]/
√
N2, (6)
where ξ2 = −1 + 2B2 + 2
√
1 + B4, ξ3 =√
1 + B2 +
√
1 + B4 and N2 = 1+3(B+
ξ3√
2
)2+ 14 (2B+√
2ξ3)
2+ (4B+2
√
2ξ3)
2
4ξ2
3
+(ξ2− 2
√
2B
ξ3
+2
√
2Bξ3)
2 is the nor-
malization constant. A similar analysis shows that the
ground state with B = 0: |G(B = 0〉4 = 12√2 (|0000〉 +
|0011〉+ |0101〉+ |0110〉+ |1001〉+ |1010〉+ |1100〉, also
leads to an AVN proof of the GHZ contradiction. Ac-
tually, one can construct the following four operators:
D14 = σ
z
1σ
y
2σ
y
3σ
z
4 , D
2
4 = σ
y
1σ
z
2σ
y
3σ
z
4 , D
3
4 = σ
y
1σ
y
2σ
z
3σ
z
4 and
D44 = σ
z
1σ
z
2σ
z
3σ
z
4 , and then obtain the following corre-
sponding eigenequations:
σz1σ
y
2σ
y
3σ
z
4 |G(B = 0)〉4 = −|G(B = 0)〉4, (7a)
σy1σ
z
2σ
y
3σ
z
4 |G(B = 0)〉4 = −|G(B = 0)〉4, (7b)
σy1σ
y
2σ
z
3σ
z
4 |G(B = 0)〉4 = −|G(B = 0)〉4, (7c)
σz1σ
z
2σ
z
3σ
z
4 |G(B = 0)〉4 = +|G(B = 0)〉4. (7d)
Consequently, the results of these independent measure-
ments on the four spins satisfy:
mz1m
y
2m
y
3m
z
4 = −1, (8a)
my1m
z
2m
y
3m
z
4 = −1, (8b)
my1m
y
2m
z
3m
z
4 = −1, (8c)
mz1m
z
2m
z
3m
z
4 = +1. (8d)
Based on Eqs (8a)-(8d), the assignment of predetermined
values to all the observables in Eqs (7a)-(7d) is also im-
possible because such assignment would lead to the in-
consistence in Eqs (8a)-(8d). This completes the AVN
proof of the GHZ contradiction in the one-dimensional
Ising model with four qubits.
Our methodology can be generalized straightforwardly
to the one-dimensional Ising model involving more spins,
even though we have not explored this direction in detail.
Briefly, the four commuting operators can be constructed
as D1N = σ
z
1σ
y
2σ
y
3σ
z
4 · · ·σzN , D2N = σy1σz2σy3σz4 · · ·σzN ,
D3N = σ
y
1σ
y
2σ
z
3σ
z
4 · · ·σzN , and D4N = σz1σz2σz3σz4 · · ·σzN . In
fact, the validity of the generalization can also be guaran-
teed by the evidence that the ground state |G(B = 0)〉N
of HN is equivalent to the maximally entangled state in
the GHZ form |Ψ〉N = 1√2 (|00 · · · 0〉 + |11 · · · 1〉) due to
local unitary transformations [22].
It is also worthwhile to point out that in above anal-
ysis, only one of the ground states with B = 0 are
considered. However, this is not a necessary condition
for the AVN proofs in the model. Actually, one can
construct the GHZ contradiction by using various ex-
cited states. For instance, in the four-spin case with
B = 0, the first excited states are degenerate and have
an eigenenergy E 14 = 0. One of these first excited
states takes the form: |ψ〉fe4 = 1√2 (−|0000〉 + |1111〉).
Then, it is easy to construct four commuting operators
D ′14 = σ
x
1σ
x
2σ
y
3σ
y
4 , D
′2
4 = σ
x
1σ
y
2σ
x
3σ
y
4 , D
′3
4 = σ
x
1σ
y
2σ
y
3σ
x
4 ,
and D ′44 = σ
x
1σ
x
2σ
x
3σ
x
4 to present the GHZ contradiction.
In a way, it turns out that the GHZ contradiction is very
common in the one-dimensional Ising model both for the
ground and excited states. We use the ground states to
show the AVN proofs only for the sake of simplicity and
convenience.
Recent experiments designed to test the GHZ contra-
diction are mainly based on the photons [11, 12]. How-
ever, it has been argued that all these experiments suf-
fer from the detector-efficiency “loophole” in a similar
manner as the Bell inequality [23]. Fortunately, there
exist many other options. For example, the rapid de-
velopment in the field of Nuclear Magnetic Resonance
Quantum Information Processing (NMR-QIP) has def-
initely proven the feasibility and importance of NMR
technologies in quantum information science (for recent
reviews, please see Ref. [24] and references there in). In
fact, after more than fifty years of development, NMR
has earned an unique position to perform complex ex-
periments and many physical models, including the one-
dimensional transverse-field Ising model, can be simu-
lated using the NMR technologies [25, 26]. Recently,
NMR experiments with as many as twelve qubits have
been reported [27]. Because of the fundamental impor-
tance of the GHZ paradox in understanding multipartite
nonlocality and in building some quantum information
protocols, further experimental tests of the GHZ para-
dox might be widely welcomed. Based on the discus-
sion above, an experiment utilizing NMR technologies to
make such a test in the one-dimensional transverse-field
Ising model is an appealing option. Actually, in Ref. [28],
a similar experiment was proposed to investigate the gen-
4uine multipartite entanglement (GME) and genuine mul-
tipartite nonlocality (GMNL) problem. We suggest that
the two experiment might be incorporated to a single one.
Namely, we first simulate the one-dimensional transverse-
field Ising model using the NMR technologies, and then
perform the measurements according to the above dis-
cussion to test the GHZ contradiction and according to
Ref. [28] to investigate the GME and GMNL problems.
In summary, we show AVN proofs of Bell’s theorem
in the one-dimensional transverse-field Ising model. We
focus our attention on the ground states of this model.
While we also find interestingly that some excited states
also admit the AVN proofs of the GHZ contradiction.
It is noteworthy to mention that our approach concerns
the Hamiltonian of a physics system. Thus it might be
useful for future works on the relation between quantum
nonlocality and the dynamical evolution of a physical sys-
tem. Finally, we suggest an experiment utilizing NMR
technologies to test the GHZ contradiction in the one-
dimensional transverse-field Ising model. Since the GHZ
paradox is closely related to the foundations of quan-
tum mechanics and is an important primitive for building
quantum information-theoretic protocols that decrease
the communication complexity [10], such an experiment
would be widely welcomed.
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